In this paper we present a robust numerical method to compute the scale function W (q) (x) of a general spectrally negative Lévy process (X, P). The method is based on the Esscher transform of measure P ν under which X is taken and the scale function is determined. This change of measure makes it possible for the scale function to be bounded and, hence, makes numerical computation easy, fast, and stable. Working under the new measure P ν and using the method of Abate and Whitt (1992) and Choudhury, Lucantoni, and Whitt (1994), we give a fast stable numerical algorithm for the computation of W (q) (x).
Introduction
In the literature we have seen that many fluctuation identities associated with the problem of first exit from the positive half-line or finite interval of a (reflected) spectrally negative Lévy process (X, P) (a Lévy process with no positive jumps) can be written in terms of the so-called q-scale function {W (q) (x) : q ≥ 0, x ∈ R}. For a literature review, we refer the reader to [2] , [5] , [6] , [18] , [22] , and the literature therein. In connection with the pricing of American put and Russian options driven by spectrally negative Lévy processes, the rational price of these options appears to be some functional of this function; see, for instance, [2] . In mathematical insurance this function appears in the problem of finding the optimal dividend payments; see, for instance, [3] . In credit risk theory the scale function plays an important role in determining the optimal endogenous default level as well as in assessing the optimality of the default level; see, for instance, [17] . Working under a completely general spectrally negative Lévy process, it was shown in [17] that not only is the analytical treatment of the optimal default level possible, but that the smooth-pasting condition used in [14] and [19] as the optimality criterion for choosing the optimal default level can be verified both analytically and numerically. It is also worth noting that the scale function appears to be an important factor in queueing theory (see, for instance, [10] ) and the theory of continuous-state branching processes (we refer the reader to [15, Chapter 10] for more details).
For some spectrally negative Lévy processes, the scale function is available in explicit form. Typical examples are standard Brownian motions, α-stable processes with α ∈ (0, 2), jump diffusion processes with exponential negative jumps, compound Poisson processes, and so on. See, for instance, [5] , [6] , and [15] for further details. Owing to the complexity of the Laplace exponent of the Lévy process, the scale function is not available in explicit form in general. An example of this is a spectrally negative tempered stable process with index less than 2. Thus, numerical inversion of the Laplace transform can be used to compute the scale function numerically. However, as shall be shown, it turns out that, for each q > 0, the q-scale function W (q) (x) is exponentially unbounded under the measure P and, hence, numerical inversions for producing the q-scale function W (q) (x) could be unstable. This problem can be overcome by an appropriate choice of exponential change of measure P ν under which the scale function can be bounded. Working under the new measure P ν and using the method of [1] and [8] , we give a fast stable numerical algorithm for the computation of the q-scale function W (q) (x) for all q ≥ 0 of a general spectrally negative Lévy process.
The organization of this paper is as follows. In Section 2 we briefly discuss a spectrally negative Lévy process and its exponential change of measure P ν . In Section 3 we define the q-scale function of a general spectrally negative Lévy process. Numerical inversion of the scale function is discussed in Section 4. Numerical examples of the computation of the scale function are given in Section 5. Finally, we provide the MATLAB ® program code for the computation in Section 6.
Spectrally negative Lévy processes
In this paper we consider a Lévy process X having the canonical decomposition
where B = {B t , t ≥ 0} is a standard Brownian motion and J (−) = {J (−) t , t ≥ 0} is a nonGaussian Lévy process with no positive jumps and independent from B. This class of process is of great interest from the theoretical point of view because it classifies processes for which fluctuation theory takes the nicest form and can be developed explicitly to its full extent. The degenerate case when X is either the negative of a subordinator or a deterministic drift is of no interest and will not be discussed in this paper. What we shall say here is based for the most part on Chapter VII of [4] .
The law of the Lévy process started at 0 will be denoted by P (with the associated expectation operator E). Since X has no positive jumps, the moment generating function E(exp(θ X t )) exists for all θ ≥ 0 and is given by
where the function κ : [0, ∞) → (−∞, ∞), also called the Laplace exponent of X, is defined by
where µ ∈ R, σ ≥ 0, and is a measure concentrated on
It is easily seen that κ is 0 at the origin and is strictly convex with lim θ↑∞ κ(θ) = ∞. Next we denote by (α) the largest solution of the equation
Note that, owing to the convexity of κ, there exists at most two roots for a given α and precisely one root when α > 0. The asymptotic behavior of X can be determined from the sign of κ (0+), the right-derivative of κ at 0. The Lévy process X drifts to −∞, oscillates or drifts to +∞ according to whether κ (0+) is negative, 0, or positive. We refer the reader to [16] for further discussions.
It is worth mentioning that, under the measure P ν defined by
the Lévy process (X, P ν ) is still a spectrally negative Lévy process. The Laplace exponent of X under the measure P ν has changed to
To each ν ≥ 0, we will denote by P ν x the translation of P ν under which X 0 = x.
Scale functions
In this section we discuss the so-called scale functions. (See [4, Chapter VII], [5] , and [6] for the origin of this function.) This function features invariably in all known identities for Laplace transforms of first-exit times and overshoots of (reflected) spectrally negative Lévy processes. See the aforementioned literature for details. 
where (q) is as defined in Section 2. We shall write for short W (0) = W . Furthermore, we refer to W (q) ν (x), the scale function under the measure P ν .
It turns out that the smoothness properties of the q-scale functions W (q) (x) are very closely related to the roughness of the paths of the associated Lévy process. If X has a path of unbounded variation or bounded variation and the Lévy measure has no atoms, it is known that the q-scale function W (q) (x) is continuously differentiable; see, for instance, [7] , [18] , and the literature therein for details.
Following (3), we see that if the q-scale function W (q) (x) of the Lévy process (X, P) is computed by numerically inverting the right-hand side of (3) directly, it may cause instability in the computation, unless q = 0 and the Laplace exponent κ satisfies the condition κ (0+) > 0. In order to avoid the problem of instability in the computation for the general case (q ≥ 0), we use the exponential change of measure P (q) in (2) to first numerically compute the scale function W (q) (x) , which plays the role of W (0) (x) when X is taken under the measure P (q) . Using this result, we are able to produce the q-scale function W (q) (x) for q ≥ 0. Proposition 1, below, explains this further. 
However, when X is taken under the measure P, the q-scale function W (q) (x) is given by
and, hence, has the asymptotic
By adapting arguments from the proof of Lemma 4(i) of [21] , the statement of Proposition 1 can be justified.
Remark 1.
In the case in which q = 0 and κ (0+) = 0 (hence, (q) = 0) the scale function W (q) (x) is no different from the q-scale function W (q) (x) and is unbounded at ∞, i.e. Remark 2. Following (3), it is straightforward to check that
To verify relation (4), apply a Laplace transform to both sides.
Numerical inversions of the scale function
In this section we discuss the numerical inversion of the Laplace transform
for the computation of the scale function W (q) (x) of the Lévy process (X, P (q) ). The result is used to compute the q-scale function
of the Lévy process (X, P ν ). To deal with a general class of spectrally negative Lévy processes, we present an algorithm based on the method of [1] and [8] here.
To start with, let f be a real-valued function defined on the positive real-line (not necessarily a probability density). For such a function f , it is often convenient to work with the Laplace transformf where λ is a complex variable for which the integral exists. The standard inversion integral for the Laplace transformf is the Bromwich contour integral, which can also be expressed as the integral of a real-valued function of a real variable by choosing a specific contour to be any vertical line λ = a 1 such thatf (λ) has no singularities on or to the right of the vertical line. By applying this integral we obtain
For some Laplace transformsf , analytic expressions for f are available explicitly; see, for instance, [20] . When the transform cannot be inverted analytically, the function f can be approximated by means of a numerical approximation. Several numerical inversion algorithms have been proposed by several authors. The fast and stable one is given in [1] and [8] . 
see [9, p. 51]. The trapezoidal rule (7) also applies for the case in which c = −∞ and d = ∞ with the following modification
where h 1 is a small positive constant. Applying (8) to (6) with a step size h 1 = π/x, x > 0, and letting a 1 = A 1 /x at the same time, we obtain
The advantage of using the simple numerical procedure of the trapezoidal rule is that it tends to work well for periodic and oscillating integrands since the errors tend to cancel out and the realized errors can be substantially less than from other alternative numerical procedures such as Simpson's rule. Moreover, the Poisson summation formula can be applied to obtain a convenient representation of the discretization error associated with the trapezoidal rule. Using the Poisson summation formula, approximation (9) can be obtained for an integrable function g by
where h 2 is some positive constant and 
and the right-hand side of (10) can be expressed in terms of Laplace transform values:
In addition, if we let h 2 = π/xl 1 with l 1 ≥ 1 and a 1 = A 1 /2xl 1 in (11), we obtain
where the error e ∞ is given by
Comparing (11) with (9), we conclude that e is an explicit expression for the discretization error associated with the trapezoidal rule approximation. This discretization error can be bounded easily whenever f is bounded. For example, if |f (x)| ≤ C for some positive constant C and all x ≥ 0 then we have
is the probability distribution then C = 1.) Therefore, an approximation of the function f in (6) is given by
The raw value of S N may not be a very good approximation, but, by using Euler's summation to smooth the values of the (nearly) alternating sums we were able to obtain good accuracy. The approximation to f (x) is finally given by
This is the formula that we are going to use in this paper to compute the scale function W (q) (x) by numerically inverting its Laplace transform given by (5) .
Evaluating scale functions of spectrally negative Lévy processes
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Numerical examples
For our numerical examples, we consider four different Lévy processes. Firstly, we assume that X is generated by α-stable processes with Laplace exponent
for some constants K. Secondly, we consider jump diffusion processes where the jump component of X is generated by a compound Poisson process having independent downward jumps with exponential e b distribution occurring at the times of a Poisson process with rate a; that is to say that X has Laplace exponent
Thirdly, we consider X to be a one-sided tempered stable process. In the general case (i.e. α = 1 and α = 0) the Laplace exponent of X is given by
Finally, we consider the case where X is a gamma process perturbed by a diffusion process. The Laplace exponent of X is described by
where ψ(λ) is the Laplace exponent of a gamma process S given by
Note that the perturbed gamma process (16) is a slight generalization of the model studied in [11] and has been used in risk theory quite extensively. For related references, see, for instance, [11] - [13] , [23] , and the literature therein for details. For all computations, we fix N = 11, M = 9, A 1 = 14.0, and l 1 = 1; for the jump diffusion and gamma processes, we set σ = 0.2, d = 0.055, a = 0.5, and b = 9; for the α-stable process, we set K = 0.5 for α = 2 (a standard Brownian motion) and K = 1 for α = 1.75. In the case where X is a tempered stable process with α = 0.5 or α = 1.5 we choose the relative frequency of downward jumps C to be 0.075 or 0.05, respectively, and the jump rate β to be 2.5. The numerical results of the scale function W (q) (x) in (5) for q = 0.1 are presented in Figures 1-6 . We observe from these plots that all of the curves are increasing and bounded from above by 1/κ ( (q)). These numerical outcomes support the previous theoretical results stated in Proposition 1. In particular, for the case where X has a path of bounded and unbounded variation we respectively see that Using the explicit form of the scale function W (q) (x) of α-stable (13) and jump diffusion (14) processes, given in the appendix of [17] , we present in Figures 2 and 4 exp(−A 1 )) ,
i.e.
Since the (tuning) parameter A 1 was chosen to be relatively big (with A 1 = 14), we see that the absolute error is relatively small and, hence, our numerical method performs well in the computation of the scale function W (q) (x) . Figures 5 and 6 show the shape of the scale function W (q) (x) for tempered stable processes (15) with indices α = 0.5 and α = 1.5, and for a perturbed gamma process (16) , respectively. For these stochastic processes, we note that an explicit expression for the scale function W (q) (x) is not available. But, nonetheless, it exhibits the important properties of the scale function, as specified in Proposition 1 and those found in, among others, [7] , [15] , [17] , and [21] .
Figures 7 and 8 respectively display the shape of the scale function W (q) (x) and the estimation error for an α-stable process (13) for q = 0 and index α = 1.5. From Figure 7 we see that the scale function is not bounded at large values of x. This observation is due to the fact that, for this process, we have κ (0+) = 0 (the process oscillates). The estimation error as seen in Figure 8 is relatively small, however, it is not bounded at large values of x. 
